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On the contrary to the well-known result that the Reissner-Nordstro¨m (RN) black hole could
be overcharged under linear order particle accretion it is shown that the same black hole in perfect
fluid dark matter with cosmological parameter cannot be overcharged. Taking into account that in a
realistic scenario black holes can not be considered to be in vacuum we investigate the contribution
of dark matter and cosmological parameters to overcharging process of charged black hole. We
show that the black hole can be overcharged only when two fields induced by dark matter and
cosmological parameter are completely balanced. Further we give a remarkable result that black
hole cannot be overcharged beyond a certain threshold limit for which the effect arising from the
cosmological parameter dominates over the effect due to the perfect fluid dark matter. Though even
for linear accretion process, the black hole cannot always be overcharged and hence obeys the weak
cosmic censorship conjecture (WCCC). This result would always be fulfilled for non-linear order
accretion.
PACS numbers: 04.70.Bw, 04.20.Dw
I. INTRODUCTION
In General relativity (GR) astrophysical black holes
formed under gravitational collapse of massive star at the
end state of evolution have always been very fascinating
and intriguing objects for their extreme geometric and re-
markable gravitational properties. The existence of black
holes has been predicted by simple mathematical mod-
els as a generic result of finding exact analytical solution
of the field equations of Einstein gravity. Recent grav-
itational wave signals detected by the LIGO and Virgo
scientific collaborations [1, 2] and the first image of su-
permassive black hole at the center of the elliptical M87
galaxy, observed by the Event Horizon Telescope (EHT)
Collaboration [3, 4] have provided the strong evidence of
the existence of black holes in nature. Those observations
have been expected to be very potent tests in probing
unknown aspects of black holes, yet there remain open
questions about behaviour of black holes. We know that
Einstein’s gravity –General Relativity, is a best described
theory in the strong field regime apart from the singular
regions of the spacetime. However, GR is an incomplete
theory due to the inevitable occurrence of singularity that
has remained one of the most important unsolved ques-
tions [5]. Theoretical existence of singularity has been
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so far considered in the limit of GR beyond which it is
no longer applicable. In this respect, the cosmic censor-
ship conjecture (CCC) was first proposed by Penrose [6]
in 1969 for imposing the validity of the Einstein gravity,
i.e. the CCC always prevents the singularity from be-
ing seen by outside observers. However, the CCC still
remains open as there exists no strong proof for its va-
lidity in the general case. In spite of this fact CCC has
been tested in the context of different gravity models via
proposed gedanken experiment to understand whether or
not a black hole turns into a naked singularity. If it were
possible to violate the CCC, it would lead to serious im-
plications from observational point of view, i.e. it would
make it possible that one can observe an end state of
gravitational collapse of an object. Besides there does
exist a vast literature on the formation of naked singu-
larity as an end state of gravitational collapse, staring
from the Christodoulou (1986) [see, e.g. 7–16]].
The validity of the WCCC was formulated byWald [17]
for the first time to overcharge/overspin black hole by
the process of particle accretion. In such a process it was
shown that turning an extremal black hole into naked
singularity can never happen by test particles with ap-
propriate parameters and the CCC is strongly expected.
Later this issue was addressed somewhat differently [18]
and it was shown that it is impossible for particles of suit-
able parameters to approach horizon as parameter space
pinches off. Thus, a nearly extremal black hole cannot
be turned into extremal one by falling in particles. Later
on it was found [19] that extremality may however be
jumped over in a discontinuous process and hence hori-
2zon can be destroyed. It means that a black hole could
be overcharged by particle accretion process. Much later
this experiment was extended to Kerr and Kerr-Newman
black holes [20, 21]. It was shown that a rotating black
hole could be overspun if and only if falling in particle
adds a sufficient amount of angular momentum to black
hole’s angular momentum. Sufficient amount of work
has been done since then to test the CCC for overcharg-
ing/overspinning of black hole in various frameworks,
[see, e.g. 22–33]. It is worth noting that in the above ex-
tensive body of works, the higher order and backreaction
effects were ignored. Whereas if those effects are taken
into account it would not be possible all through for im-
pinging particles to destroy black hole horizon and thus
the CCC is always respected [see,e.g. 34–40]. Further-
more, the above thought experiment has been extended
to the context of magnetized black holes [41, 42], black
hole with charged scalar field [43], BTZ black holes [44]
as well as black hole dynamics [45, 46]. Further, a clear
distinction between black hole and naked singularity was
shown through the phenomenon of spin precession [47].
Recently Sorce and Wald [48, 49] have developed a
new version of gedanken experiment, which allows one to
take non-linear order perturbation process. It was shown
that this experiment strongly supports the validity of the
CCC, i.e. black hole cannot be overcharged/spun under
non-linear order perturbations. It turns out that this
thought experiment can only provide the correct result
whether black hole could be overcharged/spun. In this
context, the CCC cannot be violated all through under
non-linear order [42, 50–56]. Further the same analy-
sis has been extended to the higher dimensional black
holes. Note that the CCC has already been explored for
a higher dimensional charged black hole, leading to the
result that black hole could be overcharged under lin-
ear order perturbation [57]. It is then worth studying a
charged rotating black hole in five dimensions whether it
can be over-extremalized. In spite of the fact that Kerr-
Newman black hole has no exact solution of Einstein
Maxwell equation for an analogue of a five dimensional
Kerr-Newman black hole this issue can be fixed by con-
sidering the minimally gauged supergravity charged ro-
tating black hole in five dimensions [58]. It is shown that
when one goes to five dimensional charged rotating black
hole with single rotation, it could be over-extremalized
in case when charge parameter dominates over rotation
while it cannot do so when the opposite is the case [59].
Further the CCC has been addressed for black holes in
dimensions D ≥ 5 [55, 60], and the black hole in dimen-
sions D ≥ 6 can never be overspun and always obeys the
CCC in the weak form [61].
In an astrophysical context it is believed that black
holes can not be found in vacuum due to the presence of
matter and fields in the close environment. Cosmologi-
cal observations of supernova explosions SNIa confirm an
accelerating rate of expansion of our universe at present,
commonly explained by a cosmological constant Λ being
constant and endowed with repulsive gravitational effect
(i.e. de Sitter case). The cosmological observations sug-
gest the estimated value of the cosmological constant to
be Λ ∼ 10−52m−2 [62, 63]. Thus, taking into account the
repulsive effect due to the cosmological constant would
play an important role at large length and time scales
as well as in the black hole vicinity. It is a fact that
the motion of test particles can be drastically influenced
by the geometry in the strong field regime while at the
same time both the geometry and geodesics of such par-
ticles could be affected by other matter fields as well.
With this respect, the existence of dark matter is partic-
ularly important similarly to the cosmological constant
being important at large scales. The idea of existence of
dark matter has initially been introduced by observation
of the flat rotation curves of giant elliptical and spiral
galaxies [64]. It is believed in the light of mounting ev-
idence from the astrophysical data that the rotational
velocity of stars in the outskirts of many giant spiral
galaxies can only be explained with the help of elusive
dark matter which contributes to approximately up to
90 % mass of the galaxy while the rest is the luminous
matter composed of baryonic matter [65]. In the early
phase of evolution of the universe, the dark matter used
to be mostly found near the galactic central regions which
helped in the formation and clustering of stars around the
galactic center while in the late stages of galactic evolu-
tion, the dark matter gradually drifted far out to form
a dark matter galactic halo around the host galaxy by
various dynamical processes. Dark matter has not been
so far detected directly, yet astrophysical observations in-
dicate that many giant elliptical and spiral galaxies con-
tain a (sometimes a binary) supermassive black hole in
the galactic center embedded in a giant dark matter halo
[3, 4]. In literature, several black hole solutions with a
dark matter background have been proposed (see for ex-
ample [66–75]).
We note that the above analysis has also been ex-
tended to the case of rotating anti-de Sitter (AdS)
black holes [76–78] as well as to the asymptotically AdS
case [79–81] for study of the validity of the CCC. It is
also worth noting that the CCC has also been recently
addressed [82] for a RN-AdS black hole where cosmolog-
ical constant is regarded as a variable. It is well known
[19] that the CCC for RN black hole can be violated at
the linear order accretion and this was also approved by
new version of gedanken experiment [48] for linear order
and the result is however overturned when non-linear or-
der process was included. The question then arises, what
happens for RN black hole when we consider real astro-
physical scenario by taking into account effects due to
the presence of cosmological constant and perfect fluid
dark matter–could it be overcharged or not and does it
violate the CCC for linear order accretion? This is what
we plan to investigate in this paper.
The paper is organized as follows: In Sec. II we review
and describe variational identities for a diffeomorphism
covariant theory to derive linear and non-linear varia-
tional identities. In Sec. III we briefly discuss Einstein-
3Maxwell theory and the metric for the RN-dS black hole
in the perfect fluid dark matter. In Sec. IV we derive
perturbation inequalities for linear and non-linear order
perturbations and study the CCC whether overcharging
of black hole is possible or not. We end up with conclu-
sion in Sec. V which summarises the obtained results.
II. VARIATIONAL IDENTITIES
To derive variational identities, a diffeomorphism co-
variant theory was proposed for manifoldM in n- dimen-
sions. This theory stems from a Lagrangian L composed
of metric gab and other fields ψ [48, 83]. One can then
indicate all dynamical fields by φ = (gab, ψ). Thus, the
above Lagrangian is defined by
δL = Eδφ+ dΘ(φ, δφ) , (1)
with E being the equations of motion, i.e. E = 0, and Θ
being the symplectic potential. The symplectic current
(n− 1)-form ω then takes the form
ω(φ, δ1φ, δ2φ) = δ1Θ(φ, δ2φ)− δ2Θ(φ, δ1φ) . (2)
One may consider an arbitrary vector ξa with φ for given
M in order to define the Noether current (n− 1)-form
Jξ = Θ(φ, Lξφ)− ξ · L . (3)
As long as the equation of motion is satisfied, i.e. dJξ = 0
the above equation yields [84]
Jξ = dQξ +Cξ , (4)
with Qξ being the Noether charge. The second term
Cξ = ξ
aCa on the right hand side in the above expression
is referred to as the constraint of the theory and vanishes
in the case when the equations of motion are satisfied,
i.e. for dJξ = 0.
Further Eqs. (3) and (4) give rise to the condition for
obtaining the linear variational identity for fixed ξa, and
thus on a Cauchy surface Ξ we have∫
∂Ξ
δQξ − ξ ·Θ(φ, δφ) =
∫
Ξ
ω(φ, δφ,Lξφ)
−
∫
Ξ
ξ ·Eδφ−
∫
Ξ
δCξ . (5)
The first term
∫
Ξ ω(φ, δφ,Lξφ) in the above equation cor-
responds to the variation part of the system for a given
vector field ξa. This term vanishes as long as ξa satis-
fies a Killing vector and a symmetry of φ. Since ξa is
considered to be a Killing vector the equations of motion
are satisfied, i.e. E = Lξφ = 0. Considering the linear
variational identity, we obtain the non-linear variational
identity on the same surface∫
∂Ξ
δ2Qξ − ξ · δΘ(φ, δφ) =
∫
Ξ
ω(φ, δφ,Lξδφ)
−
∫
Ξ
ξ · δEδφ−
∫
Ξ
δ2Cξ .
(6)
Since the first and second terms on the right hand side
vanish accordingly for a Killing vector ξα the linear vari-
ational identity in the expression (5) takes the following
form ∫
∂Ξ
δQζ − ζ ·Θ(φ, δφ) = −
∫
Ξ
δCζ , (7)
where ζa is assumed to be vector field for exterior solution
of a stationary black hole. Then one can consider ζa =
ζa(t) as the timelike Killing vector, satisfying both the
equation of motion, i.e. E = Lζφ = 0. Hereafter, we
focus on the vector field ζa.
Let us then consider the boundaries of Cauchy surface
Ξ which consists of two boundaries interpreted by spatial
infinity at one end and the bifurcation surface B at the
other. Consequently, the left-hand side of Eq. (7) can be
separated in the following form∫
∂Ξ
δQζ − ζ ·Θ(φ, δφ) =
∫
∞
δQζ − ζ ·Θ(φ, δφ)
−
∫
B
δQζ − ζ ·Θ(φ, δφ) . (8)
By using Eqs. (7) and (8), we rewrite Eq. (5) for the
linear variational identity
δM =
∫
B
[δQζ − ζ ·Θ(φ, δφ)] −
∫
Ξ
δCζ , (9)
where the mass δM stems from the contribution to the
boundary integral at infinity∫
∞
δQζ − ζ ·Θ(φ, δφ) = δM . (10)
Similarly, Eq. (6) for the non-linear variational identity
is given by
δ2M =
∫
B
[δ2Qζ − ζ · δΘ(φ, δφ)]
−
∫
Ξ
ζ · δEδφ−
∫
Ξ
δ2Cζ + EΞ(φ, δφ) , (11)
where EΞ(φ, δφ) refers to the canonical energy and is de-
fined by the non-linear perturbation δφ on Ξ. Note that,
for Eqs. (9) and (11) the equation of motion remains to
be satisfied on Ξ with a bifurcation surface B.
III. EINSTEIN-MAXWELL THEORY AND
RN-DS BLACK HOLE IN PERFECT FLUID
DARK MATTER
We now consider Einstein-Maxwell theory for obtain-
ing an explicit form for linear and non-linear variational
identities shown in the previous section. The Lagrangian
in four dimensional Einstein-Maxwell theory is given by
L =
ǫ
16π
(
R − 2Λ− FαβFαβ + 16πLDM
)
, (12)
4with the volume element ǫ for given black hole space-
time metric, cosmological constant Λ with positive value,
Faraday tensor of electromagnetic field Tab, and the dark
matter Lagrangian density LDM . Let us then define the
dynamical field which is composed of the metric and vec-
tor potential of electromagnetic field, i.e. φ = (gab, Aa)
satisfying the above Lagrangian and we have
E(φ)δφ = −ǫ
(
1
2
T abδgab + j
aδAa
)
, (13)
with the nonelectromagnetic part of the stress-energy
tensor
Tab =
1
8π
(
Rab −
1
2
gabR+ Λgab
)
− TEMab − T
DM
ab , (14)
and the electromagnetic current ja = 14pi▽bF
ab. From
the above equation, the symplectic potential consists of
two electromagnetic and gravity parts and can be defined
in the following way
Θijk (φ, δφ) =
1
16π
ǫaijkg
abgcd(▽dδgbc − ▽bδgcd)
−
1
4π
ǫaijkF
abδAb , (15)
where ǫaijk is Levi-Civita tensor. For the Einstein-
Maxwell theory the corresponding symplectic current
takes the following form
ωijk =
1
4π
[
δ2(ǫaijkF
ab)δ1Ab − δ1(ǫaijkF
ab)δ2Ab
]
+
1
16π
ǫaijkw
a , (16)
where the first term on the right hand side corresponds
to the electromagnetic part while the second – gravity
part. From Eq. (16) wi is given by
wi = P ijkhab (δ2gjk▽hδ1gab − δ1gjk▽hδ2gab) , (17)
with
P ijkhab = giagbjgkh −
1
2
gihgjagbk −
1
2
gijgkhgab
−
1
2
gjkgiagbh +
1
2
gjkgihgab . (18)
By employing Lξgab = ▽aξb + ▽bξa and ▽aAb = Fab +
▽bAa, we obtain the Noether current
(Jξ)ijk =
1
8π
ǫaijk▽b(▽
[bξa]) + ǫaijkT
a
b ξ
b
+
1
4π
ǫaijk▽c(F
caAbξ
b) + ǫaijkAbj
aξb . (19)
From Eq. (4), the Noether charge Qξ = Q
GR
ξ +Q
EM
ξ can
be written in the following form
(Qξ)ijk = −
1
16π
ǫijkab▽
aξb −
1
8π
ǫijkabF
abAcξ
c ,(20)
and the constraint
(Cζ)ijk = ǫaijk(T
a
ζ +Aζj
a) . (21)
Next, we consider a static and spherically symmet-
ric charged black hole spacetime metric as a solution of
Einstein-Maxwell theory be used in the paper. The RN
black hole metric generalized to a nonvanishing cosmo-
logical parameter Λ has been introduced by Lake [85],
a metric known as the RN-dS metric. Also there was a
solution that provides a way to include a dark mater dis-
tribution in black hole background geometry [67]. Later
this solution was generalised to a nonvanishing cosmolog-
ical parameter [68]. Here, we consider spacetime metric
which describes a static and spherically symmetric RN-
dS black hole in perfect fluid dark matter and is given
by
ds2 = −F (r)dt2 + F (r)−1 dr2 + r2dΩ2 , (22)
with line element of 2-sphere dΩ2 and
F (r) = 1−
2M
r
+
Q2
r2
−
Λ
3
r2 +
λ
r
log
r
|λ|
. (23)
where parameters M and Q are the mass and electric
charge of the black hole while Λ and λ are related to the
cosmological constant and the perfect fluid dark matter,
respectively. The metric (22) reduces to the RNdS black
hole in the case of vanishing λ = 0, while it reduces to
the RN black hole in case both parameters λ and Λ tend
to zero.
The corresponding electromagnetic potential is given
by
A = −
Q
r
dt , (24)
while the corresponding stress-energy tensor due to an
anisotropic perfect fluid λ 6= 0 can be written in diagonal
form T µν = diag(−ρ, pr, pθ, pφ) as
ρ = −pr =
λ
8πr3
and pθ = pφ =
λ
16πr3
, (25)
where ρ, pθ and pφ respectively refer to the density, radial
and tangential pressures.
Note that here we shall focus on the positive Λ > 0 and
λ > 0 in testing the effect due to a dark matter distribu-
tion and cosmological parameter upon the overcharging
of black hole. For black hole horizon, one can write the
following relation
Λ
3
r4 − r2 + 2Mr − rλ log
r
|λ|
−Q2 = 0 , (26)
which has three positive real roots, i.e. the inner horizon
r−, the outer horizon r+ and the cosmological horizon rc
being the largest one among those three roots. However,
we shall restrict ourselves to the first two roots, inner and
outer horizons. In the case of small values of ΛM2 ≪ 1
5and λ/M ≪ 1, Eq. (26) gives the approximated analyti-
cal form for black hole horizon as
r± =M ±
√
M2 −Q2 +
Λ
3
M4 − λM log
M
|λ|
. (27)
From the the above expression for black hole horizon it
is immediately clear that the second term
f =M2 −Q2 +
Λ
3
M4 − λM log
M
|λ|
≥ 0 , (28)
must be always positive for existence of black hole hori-
zon, while if its negative definite is possible black hole
then no longer exists and thus it turns into a naked sin-
gularity. When this term goes to zero, the two horizons
then coincide, corresponding to the near extremal black
hole. Thus, the black hole could be overcharged, similarly
to the RN black hole that can be overcharged. Further
we study whether the overcharging holds well or not.
At the given horizon r+, the horizon area, the surface
gravity and the electromagnetic potential for RN black
hole surrounded by dark matter with cosmological pa-
rameter will be respectively written as follows:
A+ = 4πr
2
+ , (29)
k =
f ′
2
|r=r+ , (30)
Φ+ =
Q
r+
. (31)
IV. PERTURBATION INEQUALITIES AND
GEDANKEN EXPERIMENT TO OVERCHARGE
A RN-DS BLACK HOLE IN PERFECT FLUID
DARK MATTER
It is known that the falling of test particle into the
black hole transfers the mass and charge to its mass and
charge. Hence the final state of the black hole param-
eters is then defined by M + δM and Q + δQ, respec-
tively. For final state it was shown by Hubeny [19] that a
nearly extremal RN black can be overcharged to M < Q
state by linear order particle accretion. In this section we
approach this issue by considering new gedanken experi-
ment proposed by Sorce and Wald [48]. This experiment
allows one to include a non-linear order perturbation pro-
cess, according to which a one-parameter family of field
φ(α) perturbation in the background spacetime is taken
into consideration
Gab(α) = 8π
[
TGRab (α) + T
EM
ab (α)
]
, (32)
▽bF
ab(α) = 4πja(α) . (33)
However, Tab(0) = 0 and j
a(0) = 0 are satisfied for this
one-parameter family of field φ(0), that is, all particles
are assumed to cross the horizon portion and fall into
the black hole. For this family of perturbation we have
already chosen a hypersurface Ξ = Ξ1 ∪ H . Ξ defines a
region which starts from the bifurcation surface B at one
end and extends to the horizon portion H , so it becomes
spacelike Ξ1 at the other end, and tends to the asymp-
totical flatness at the infinity. The above hypersurface
Ξ = Ξ1 ∪H was shown by diagram in detail in Ref. [48].
At this stage we study the variational identities for a
nearly extremal black hole. For this we first recall Eq. (9)
δM =
∫
B
[δQζ − ζ ·Θ(φ, δφ)] −
∫
Ξ
δCζ , (34)
where the first term on the right hand side vanishes at
the bifurcation surface from the properties of the hyper-
surface Ξ. Hence, we have∫
Ξ
δCζ =
∫
H
ǫaijkζ
b
(t) (δT
a
b +Abδj
a) . (35)
Taking Φ+ = −ζ
bAb|H into consideration with∫
H
δ(ǫaijkj
a) = δQ, Eq. (9) yields
δM − Φ+δQ = −
∫
H
ǫaijkζbδT
ab . (36)
For the volume element one may write ǫaijk = −4k[aǫ˜ijk]
on the horizon portion H . With this we obtain the null
energy condition for which δTabk
akb ≥ 0 is always satis-
fied. Thus, the linear order variational inequality can be
written in the following form
δM − Φ+δQ ≥ 0 . (37)
Following the linear order inequality we further ob-
tain the non-linear order variational identity for a near
extremal black hole. Similarly, Eq. (11) for non-linear
order perturbation inequality reads as follows
δ2M =
∫
B
[δ2Qζ − ζ · δΘ(φ, δφ)] −
∫
Ξ
ζ · δEδφ
−
∫
Ξ
δ2Cζ + EΞ(φ, δφ)
=
∫
B
[δ2Qζ − ζ · δΘ(φ, δφ)] + EH(φ, δφ)
−
∫
H
ζ · δEδφ−
∫
H
ǫaijkζ
b
(t)
(
δ2T ab +Abδ
2ja
)
=
∫
B
[δ2Qζ − ζ · δΘ(φ, δφ)] + EH(φ, δφ)
+
∫
H
ǫ˜ijkkaζbδ
2T ab +Φ+δ
2Q . (38)
Here, we have used the gauge condition ζaδAa = 0 on
H of Ξ with ζa being Killing vector and tangent to
H . As before we substitute the null energy condition
δ2Tαβk
αkβ ≥ 0 in the above equation, and rewrite
δ2M − Φ+δ
2Q =
∫
B
[δ2Qζ − ζ · δΘ(φ, δφ)]
+ EH(φ, δφ) . (39)
6Further we define a one-parameter field perturbation as
φ(α)RN−dS induced by falling in matter absorbed by the
RN-dS black hole surrounded by perfect fluid dark matter
with following parameters
M(α) =M + αδM and Q(α) = Q+ αδQ , (40)
with δM and δQ chosen to satisfy the linear order per-
turbation given by Eq. (37). We may then evaluate
the rest of the terms of Eq. (39) for φRN−dS . Since
δ2M = δ2QB = δE = EH(φ, δφ
RN−dS) = 0 for this
family we have
δ2M − Φ+δ
2Q =
∫
B
[δ2Qζ − ζ · δΘ(φ, δφ
RN−dS)] .(41)
From the property of Ξ the vector ζa vanishes at the
bifurcation surface B, i.e. ζa = 0, so we come to the
non-linear variational identity as
δ2M − Φ+δ
2Q ≥ −
k
8π
δ2ARN−dS . (42)
Following this new version of gedanken experiment
based on the procedure described above we study over-
charging of a nearly extremal RN-dS black hole in perfect
fluid dark matter. Mow we recall Eq. (28) for which ex-
tremality is indicated by f = 0 while existing horizon by
f > 0. As was mentioned above for RN black hole f < 0
leads to the destruction of its horizon. To test whether
this condition really happens or not for the RN black hole
in the perfect fluid dark matter with cosmological con-
stant, i.e. M2 − Q2 + Λ3M
4 − λM log M|λ| < 0, we apply
new version of gedanken experiment [48] that allows to
consider one parameter family of perturbation function
f(α) leading to the inclusion of higher order perturba-
tions. Finally one can write
f(α) = M(α)2 −Q(α)2 +
Λ
3
M(α)4
− λM(α) log
M(α)
|λ|
, (43)
with M(α) and Q(α) given by Eq. (40). It is worth
noticing that Eq. (43) reduces to the RN case when
ΛM3/3 = λ logM/|λ|. It means that the two fields in-
duced by perfect fluid dark matter and cosmological con-
stant are completely balanced, their contribution will not
be included all through for overcharging of black hole.
This then leads to an interesting question – could those
two fields contribute to the overcharging of black hole?
The only way to settle this question is to consider the
general case in which the ratio of two fields is written as
Λ =
3β
M3
λ log
M
|λ|
, (44)
where β ≥ 1, ≤ 1, respectively. In β > 1 the field due to
cosmological parameter dominates over the field as that
of perfect fluid dark matter, while the latter does for
β < 1. Therefore we rewrite Eq. (43) as
f(α) = M(α)2 −Q(α)2 + λ(β − 1)M(α) log
M(α)
|λ|
.
(45)
From Eq. (45) f(0) = M2ǫ2 refers to a near extremal
black hole with ǫ≪ 1, while for α 6= 0 the function f(α)
for linear and nonlinear perturbations takes the form
f(α) =M4ǫ2 + f1α+ f2α
2 +O(α3, α2ǫ, αǫ2, ǫ3) . (46)
In the above equation the second and thirds terms respec-
tively refer to the linear and non-linear perturbations.
Eq. (46) clearly shows that f(λ) < 0 allows transition
from black hole to naked singularity, thereby overcharg-
ing can be attained. Thus we further show whether that
is really attainable or not. Let us then explore f1 and f2
which are given by
f1 =
[
2M + λ(β − 1)
(
1 + log
M
|λ|
)]
δM − 2QδQ ,
(47)
and
f2 =
[
M +
λ(β − 1)
2
(
1 + log
M
|λ|
)]
δ2M −Qδ2Q
+
(
1 +
λ(β − 1)
2M
)
δM2 − δQ2 . (48)
Next we intend to define δM being the minimum possible
value required for overcharging of black hole [19, 48]. So
δM is defined by
δMmin ≥
Q
r+
δQ =
Q
M
δQ (1− ǫ) +O(ǫ2) . (49)
This is the minimal possible energy required for test par-
ticles to cross the horizon and falling into the black hole.
Bearing in mind δM we first rewrite f(α) for linear order
perturbation
f(α) = M2ǫ2 +
[
2M + λ(β − 1)
(
1 + log
M
|λ|
)]
×
{
δM −
Q
M
[
1−
λ
2M
(β − 1)
×
(
1 + log
M
|λ|
)]
δQ
}
α+O(α2) . (50)
For β = 1, Eq. (44) continues to hold good and so the
above equation reduces to the result for the RN case and
takes the form
f(α) = M2ǫ2 − 2Q δQ ǫα+O(α2) . (51)
This clearly shows that it is possible to make f(α) <
0. Thus it turns out that the RN black hole can be
7overcharged under linear order perturbation. Let us then
come to the f(α) to explore it for general case, i.e. β 6= 1.
Taking into account Eq. (49) for charged test particle we
rewrite f(α)
f(α) = M2ǫ2 +
[
2M + λ(β − 1)
(
1 + log
M
|λ|
)]
×
{
Q
2M2
λ(β − 1)
(
1 + log
M
|λ|
)
δQ
−
Q
M
δQǫ
}
α+O(α2) . (52)
In order to make f(α) > 0 the second term in the above
equation must always be positive definite, providing that
the following inequality is satisfied:
β ≥ 1 +
2Mǫ
λ
(
1 + log M|λ|
) . (53)
This is the threshold limit beyond which black hole can-
not be overcharged and hence would always obey the
WCCC even under linear order accretion. Let us con-
sider the numerical example for parameter β: Setting
M = 1 we choose λ = 0.001 with ǫ = 0.01, so we have
β = 3.52916 (For this thought experiment one can use
different values of λ and ǫ). With this, we have shown
the critical value for β beyond which relative dominance
of cosmological parameter over dark matter parameter
occurs. Hence, the field required due to the cosmological
parameter would be slightly stronger as compared to the
one due to perfect fluid dark matter.
Now we consider a non-linear order perturbation and
recall Eq (48)
f2 ≈
[
M +
λ(β − 1)
2
(
1 + log
M
|λ|
)](
δ2M − Φ+δ
2Q
)
+
(
1 +
λ(β − 1)
2M
)
δM2 − δQ2 , (54)
where non-linear terms are defined by following inequal-
ity
δ2M − Φ+δ
2Q ≥ −
k
8π
δ2A . (55)
Recalling Eqs. (29) and (30) and employing Eq. (49) we
obtain
δ2M −Φ+δ
2Q ≥ −
k
8π
δ2A
=
[
M4 −
λ (β − 1)
2
MQ2 +
(
λ (β − 1)
2
)2
Q2
×
(
1 + log
M
|λ|
)2]
δQ2
M5
+O(ǫ) . (56)
Taking into account the above non-linear terms we can
rewrite Eq. (54) as
f2 ǫ
2 ≈
{[
M +
λ(β − 1)
2
(
1 + log
M
|λ|
)]
×
[
M4 −
λ (β − 1)
2
MQ2
]
δQ2
M5
+
[
1 +
λ(β − 1)
2M
]
δM2 − δQ2
}
ǫ2 . (57)
From the above equation one can see that f2 ≥ 0 is always
satisfied since δM ≥ δQ following from Eq. (37) continues
to hold good for test particle. Hence, we have f(α) ≥ 0,
and no overcharging occurs. That means since f(α) ≥
0 always, thus the transition from black hole to over-
extremal state can never happen. As expected the black
hole that cannot be overcharged under linear accretion
always favours no overcharging, and thereby the WCCC
is always respected.
V. CONCLUSIONS
It is well known [19] that the RN black hole can be
overcharged and thus the CCC is violated for linear ac-
cretion process while it would always be restored when
non-linear order perturbations are included. It is believed
that in a realistic scenario astrophysical objects can not
be considered to be in vacuum due to the cosmological
constant and the existence of dark matter distribution
surrounding objects. The question is, could RN black
hole be overcharged at the linear order accretion when
one considers the real astrophysical scenario as that of
effects due to the cosmological constant and perfect fluid
dark matter? This is what we have addressed in this
paper. As we know the cosmological constant (Λ > 0)
is defined by a repulsive behaviour of space expansion
while dark matter by attractive one. We have shown that
for linear accretion the RN-dS black hole surrounded by
perfect fluid dark matter can be overcharged when two
fields due to the dark matter and cosmological constant
are completely balanced. However, it is overturned when
we include non-linear order perturbations and thus the
question of its overcharging never arise. Then further
analysis led to the remarkable result. We have shown
that black hole cannot be overcharged beyond a certain
threshold limit for which repulsive effect arising from the
cosmological constant dominates over the attractive one
due to the perfect fluid dark matter. Though even for
linear accretion process, the RN-dS black hole cannot
always be overcharged and hence the CCC is strongly
respected beyond certain threshold limit. This result is
always supported by non-linear order accretion, and so
no violation of the CCC occurs.
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